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Abstract. For each n > 2 we construct an unbounded closed pseudoconcave com- 
plete pluripolar set £ in C" which contains no analytic variety of positive dimension 
(we call it a Wermer type set). We also construct an unbounded strictly pseudocon- 
vex domain i7 in C" and a smooth CR function / on dO. which has a single- valued 
holomorphic extension exactly to the set Vl\£. 

1. Introduction 

In this paper we are dealing with the extension problem of CR functions defined 
on the boundary dO, of an unbounded domain 0, in C"', n > 2. When $7 is bounded 
with a connected smooth boundary (no hypothesis of pseudoconvexity) holomorphic 
extension of CR functions to the whole of Q is granted by the classical result of 
Bochner (see, for example, Theorem 2.3.2 in [H]). In particular, if 17 is a domain 
of holomorphy, the envelope of holomorphy E{dO,) of dfl (i.e. the envelope of di} 
with respect to the algebra of CR functions on 317 (for details see, for example, [J], 
[MP], [St])) coincides with Q. For unbounded domains such an extension result is 
not longer true in general, even for strictly pseudoconvex domains, as shown by the 
following example. 

Example. Let / be an entire function in and 

n:= {z£C^: log\f{z)\ + Ci\\zf < C2} 

where Ci and C2 are constants and Ci > 0. For almost all constants C2, 17 is an 
unbounded strictly pseudoconvex domain with smooth boundary in containing 
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the divisor {/ = 0}. We are going to show that E{dCl) is one-sheeted, contained in 
ft and 

Tl\E{dn) = {z G : f{z) = O}. 

Fix an exhaustion Vi CC V2 CC • • • CC dfl of dfl by relatively compact subsets. 
Intersecting Q by balls i?^(0, C centered at the origin of radius in such 
a way that Vk CC dfl fl B^{0, Rk) and then smoothing the edges as in [To] we can 
find strictly pseudoconvex bounded domains flk in such that Vk C dQ.k H dft for 
every A; G N. Let Vk ■= dflk \ Vk- Then, in view of Theorem A from [J], one has 

E{Vk) = EidQk \ Tfe) = Hfe \ (Tr)^(n,) C C^ 

where (rfc)^(nj.) is the ^(Jlfc)-hull of r^, i.e. the hull of Ffc with respect to the algebra 
of holomorphic fTinctions on 17^ which are continuous up to the boundary. It follows 
that E{dO,) := U£i EiVk) is one-sheeted. We just have to show that O \ E{dfl) is 
the divisor {/ = 0}. Since the CR function 1// on dfl does not extend to {/ = 0}, 
it follows that {/ = 0} C Tl\E{dn). Conversely, filling ll\ {/ = 0} by the following 
family of holomorphic curves, = {z & fl\{f = 0} : f{z) = e*^t}, where 9 G [0, 27r], 
t G M, and using the Kontinuitatssatz, it turns out that $7 \ {/ = 0} C E{dfl). 

In this context we have to mention Trepreau's Theorem [Tr] stating that, given 
a point z in a smooth hypersurface M C C", the homomorphism 

O;, lu^ 0{U \ M) 

is onto if and only if no germ of a complex hypersurface passing through z is con- 
tained in M. We also recall Chirka's generalization [C] of Trepreau's result (in the 
case n = 1 this generalization can also be obtained from the earlier work [Sh]): let 
r C C"''"-'^ be a continuous graph over a convex domain £) C C"^ x R and z G F 
be a point such that none of the connected components of {D x M)\r is extendable 
holomorphically to z. Then, z is contained in an n-dimensional holomorphic graph 
lying on and closed in T. 

A natural question arises: let ft be an unbounded strictly pseudoconvex domain 
in C", n > 2, such that E{dft) is one-sheeted and H \ E{dft) ^ 0; does H \ E{dft) 
possess an analytic structure? In this paper we prove that the answer to this question 
is negative. Precisely, we prove the following two theorems. 

Theorem 1. For each n G N, n > 2, there exist a closed set £^ C C" which contains 
no analytic variety of positive dimension and a plurisubharmonic function (p : C" — >■ 
[— oo,-|-oo) such that: 

1) f = {z G : (p{z) = -00}. 

2) The function (p is pluriharmonic on C" \ £. 
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3) The domain C'^\£ is pseudoconvex. 

4) For every R > one has dlf^iO^K}n £ = B'''{0, R) D £, where S"(0, R) C 

is the ball of radius R centered at the origin and dB"-{Q,R) (!£ denotes the 
polynomial hull of the set 55"(0, R) n £. 

Theorem 2. For each ra G N, ra > 2, there exist an unbounded strictly pseudo- 
convex domain CI in C", a closed subset £ of C" and a CR function f on dQ such 
that: 

1) £ C ^} and it contains no analytic variety of positive dimension. 

2) f has a single-valued holomorphic extension exactly to Cl\£. 

3) The envelope of holomorphy E{dCl) of the set dfl is one-sheeted and E{dVl) = 

n\£. 

The set £ is obtained as a limit in the Hausdorff metric of a sequence {Eiy} of 
algebraic hypersurfaces of C" = C"~^ x Cy, such that the union of the corresponding 
sets of ramification points with respect to the projection C" C^~^ is an everywhere 
dense subset of C"^^. For n = 2 this idea goes back to Wermer in [W], where an 
example of a compact set K in with nontrivial polynomial hull K such that K\K 
has no analytic structure is given. Wermer's construction was then further exploited 
and developed in a scries of articles [A], [D], [DS], [EM], [Le], [SI]. Note also that, 
first, our construction of £ is slightly different from Wermer's one (the main idea 
being the same) and, secondly, that, in the general case n > 2, the situation is 
substantially more difficult from the technical point of view than that considered by 
Wermer. 

Finally, let us mention a result due to Lupacciolu [Lu] about extendability of CR 

functions defined on the boundary of an unbounded strictly pseudoconvex domain 
ri: suppose that there exists a divisor which does not meet the domain VL. Then 
E{d^l) = Q, namely any CR function on the boundary extends inside the domain. 
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2. Construction of an unbounded Wermer type 
set in 

Let {z,w) = {zi,. .. ,Zn-i,w) denote the coordinates in and for each z/ G N 
let := {1, 2, ... , u}. For each p G N„_i fix an everywhere dense subset {af 
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of C such that af 7^ af, if / 7^ Further fix a bijection $:=([•], 0) : N ^ N„_i x N 

and define a sequence {ai}f^^ in C by letting ai := o^j;)- Moreover let {£i}fZi be a 
decreasing sequence of positive numbers converging to zero that we consider to be 
fixed, but that will be further specified later on. Then for every 1/ G N we define 
to be the algebraic function 

1=1 

and let 

E,:= {{z,w) :w = g,{z)}. 

By definition gi, is a multi-valued function that takes 2^ values at each point z G C"""*^ 
(counted with multiplicities) . Therefore we can always choose single- valued functions 
w^^ , on <CP~^ such that 

g,{z) = {wf\z):j = l,...,2^} 

for all z G Note that these functions are not continuous and that they are not 

uniquely determined, even though the set gv{z) is well-defined for each z G C""^. 
Indeed we may freely change the numeration of the values w^i^ (z) , . . . , w^J {z) for 
each z G C"-^ 

Define for each z/ G N a function : — >■ C as 

Pi,{z,w) ■=(w — Wi'\z)y ■ ■ (w — W2^\z)y 



Lemma 1. The sequence {P^}'^i consists of holomorphic polynomials on C" and 
has the following properties: 

1. E^ = {iz,w) gC":P^(z,w;) =0}. 

2. Py+i — > uniformly on compact subsets of C" as e^-^-l — )• 0. 

Proof. First note that if for each p G N„_i we let Up be an open convex subset 
of C not meeting Af, := {ai : I G N,y, [/] = p}, then after possibly renumbering the 
values w^'^\z) for z ^ U ■= Ui x ■ ■ ■ x Un-i we can always assume the functions 
w'i \ . . . , W2'u to be holomorphic on U . Since the value Pi:{z, w) is independent of the 
numeration of the w'^p {z), this shows that P^ is a holomorphic function outside the 
set Ay ■= {{z,w) G C" : G for some p G N„_i}. Observing that Py is locally 
bounded near each point of Au and applying Riemann's removable singularities 
theorem we conclude that is actually holomorphic in the whole of C". Then 
estimating |Pi,| outside some ball -B"(0,P) C C" from above by a suitable scalar 
multiple of \w'^''\ + YlpZllZp" \ one can easily see that Pi, is in fact a holomorphic 
polynomial. To prove the second part of the lemma we observe that P,y+i{z,w) is 
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in fact the product of the 2^ factors {{w — w^^^(zyf' — — Oi^+i)), j G 
and hence equals 

E(-ir - • E - ^Vi^f ■ 

P=0 l<jl<-<jp<2-' 

Note that for p = 2^ the inner sum equals P^{z, w). Since , • • • , w^2^^ are indepen- 
dent of and bounded on compact subsets of C"~^, we conclude that P^+i 

uniformly on compact subsets as e^+i — > 0. □ 



Remark. A more careful consideration shows that one has the following explicit 
formula for P^,, 

d=0 1=1 

Lemma 2. Let {ei} be chosen in such a way that ei^J\z[ij — ai\ < 1/2' on 5"~"^(0, 1) C 
C^"^ for every I G N. Then the following assertions hold true: 



1 ) For every R > and v, n G 'N, v > R, the Hausdorff distance between n 
B"'{0,R) and E^^^j^ n B"'{0,R) is less than 1/2". In particular the sequence 
{E^ n i3'*(0, converges in the Hausdorff metric to a closed set 6(^ji-^ C 
5"(0,i?). 

2) The union S := lJi?>o £(r) of all £(^ji^ is a nonempty closed unbounded subset 

of C" and a point (z, w) G C"" lies in £ if and only if there exists a sequence of 
complex numbers Wi, converging to w such that {z,Wi,) G E,^ for every v 

3) For each z G C"~^ the set £^ := £n{{z} x C) has zero 2-dimensional Lebesgue 
measure. 

Proof. Let := 5"-i(0,i?) x C. For every (z,w'f'^^\z)) G n Aij there 

exists (^z,w^^^ E Ei^Ci Ar such that for suitably chosen signs one has 

wl''+''\z) = w^^\z)+ E ^e,,/^^i 

l=u+l 

(here, by some abuse of notation, denotes a single-valued branch of the multi- 
valued function ^/^). By assumption we have e;| — a/ 1 = ei^\z[^ — a/| < 1/2^ 

on B"-i(0,/?) for each I > u. Hence \w'f^''\z) - w[''\z)\ < 1/2" and it follows 
that the Hausdorff distance between Eiy-^n n Ar and Ei, n Ar is less than 1/2^. In 
particular {E,y Pi 5"(0,i?)}J^i is a Cauchy sequence in the Hausdorff metric and 
thus converges to a nonempty closed subset C C". Since £ fl B'^(0,R) = £(^r) 
for all i? > 0, we conclude that £ is closed. Obviously it is also unbounded and 
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nonempty. The characterization of {z,w) G f as a limit of points {zjWi,) G E^, 
follows immediately from the facts that in each bounded neighbourhood of {z, w) 
the set £ is the limit of {E^} in the Hausdorff metric and that EuD (^{z} x C) ^ for 
all z G C"~^. Finally, by what we have already proven, we know that the Hausdorff 
distance between Ei, D and is not greater than 1/2'^. Hence if z G C"~^ 

is fixed, the set £z is contained in {z} x \JjliA^{wj'^\z),l/2'^) for every G N 
big enough (here (a, r) C C denotes the closed disc centered at the point a of 
radius r). But the volume of the later set is not greater than 7r/2^, thus £z has zero 
2-dimensional Lebesgue measure. □ 

If {si} converges to zero fast enough, then by the previous lemma the analytic 
sets El, determine a limit set £. We want to use this set in the construction of our 
example. To do so we need to have two specific properties of this set. Namely, we 
want to ensure that £ has no analytic structure and we seek a description of £ in 
terms of certain sublevel sets of the polynomials P,,. In the next two sections we 
will show that we indeed can assure £ to have these properties, provided that {£/} 
is converging to zero fast enough. 



3. Choice of the sequence {si} - Part I 

First wc want to show that for {ei} decreasing fast enough the set £ contains 
no analytic varieties of positive dimension. In order to do so it obviously suffices to 
show that £ contains no analytic disc, i.e. there exists no (nonconstant) holomor- 
phic mapping / : D — )• from the unit disc D C C to with image completely 
contained in £. For analytic discs with constant z-coordinates this is immediately 
clear, since we know that £z has zero two-dimensional Lebesgue measure for every 
z G C"^^. The hard part is to show that there exists no analytic disc /(B) C £ 
such that the projection := tt^ o / onto C^"^ is not constant. The general 
idea is the following: Let / : D — be an analytic disc lying in the analytic 
hypersurface w = ^Jz^ — a, a G C, and such that /z : D — t- C'^~^ is a biholomor- 
phic embedding of D into C"~^. Then /^(B) is either completely contained in the 
slice := {z G C""-*^ : Zp = a} or does not intersect S'^ at all. This is due to 
the fact that if fl fz{U) = {zq}, U C H open and small enough, then for the 
canonical parametrization g: fz{U) — )• C^, of f{U) and for C^)C~ ^ C"^^ such that 
ZQ + C+,zo - C~ G fz{U) the slope \g{zo + C+) - g{zo - C~)I/IIC^ + C^ll becomes 
unbounded as ('^X" ^ ^ which contradicts the holomorphicity of g. Since each 
set El, is defined by a sum of terms of the form — a/, and since, moreover, 
the subsequence {af}f2^^ of {a/} is dense in C, this will enable us to show that for 
{ei} decreasing fast enough every analytic disc /(B) C £ must have constant Zp- 
coordinate. Due to the fact that p G N„_i here is arbitrary, our assertion will be 
proved. 

There arise some technical difficulties, the most important of which is the fol- 
lowing: while for every described above analytic disc in the analytic hypersurface 
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w = -^Zp — a the projection /^(B) cannot intersect (at least if its Zp-coordinate 

is not already constant), this property might get spoiled when adding further terms 
y/z^lj — ai, I G N, and thus does not carry over necessarily to the limit set £. In gen- 
eral this problem can be easily handled, except, however, at points zq £ that are 
contained in Saj for more than one Z G N. In this situation there are root branches 
originating from zq in different directions pi, . . . ,pT G Nn-i, and in general their 
slopes near the point zq may cancel out each other. To deal with this problem we will 
show that we can at least guarantee the following: for every zq G Saj H B^''^^{0,1), 



I G N, there does not exist any analytic disc /(O) C £ such that /^(I 
and such that /2(B) is contained in the cone zq + H^i ^^*{ct)', here 



ns, 



rP{a) := {C G C^-^ : Cp 7^ and }^ < « for all q G N„_i,g 7^ p}, 

where a is a positive number that will depend on the choice of {e/} (note that if 
C G r^'(a) then also G TP{a) for every A G C*). In fact the faster {ei} decreases 
the bigger we will be able to choose a. It turns out that this weaker assertion is 
sufficient for our purpose, since locally for every analytic disc /(B) C £ the projection 
/2(B) lies in flLi ^^{a) for suitable pi, . . . ,pT G N n-i and a > big enough. 

The above complications, as well as most of the other technical difficulties for 
choosing the sequence {e;}, do not occur in the case n = 2. In fact in this case the 
proof becomes relatively simple and most of the work of this section is not needed. 
Hence in what follows we will often implicitly assume that n > 3, though this will 
not have any influence on the course and correctness of our arguments (for example 
the set r^'(a) = C* is still well-defined for n = 2, though it is obviously not needed 
in this case). 

Remark. Many of the statements in this section involve the function : C — >■ 
C which is multivalued. In general, whenever such a statement is made, we will 
implicitly mean it to hold true for every choice of a single- valued branch {^/'■)b '■ C — t- 
C of (no assumptions on continuity). However, there will be cases when we will 
have to deal with particular single- valued branches of . By some abuse of notation 
they will be denoted by the same symbol ^/'■ . We will always point out when ^/'■ 
denotes a particular single- valued branch whenever such a situation first occurs. 

Lemma 3. There exists a constant < C < 1 such that for all z,z',C e C 



Id < - < 2^ if 



<c\C\. 



Proof. This is immediately clear, since 



V(^/o + i-V(^vo-i 



□ 
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Lemma 4. For every p E N„_i and a > one has 



lim 



+00 on T^{a) 



Proof. Indeed with Cq := max{l,Q!} we have 



'\p v Cp I 



V2 



-I 71—1 



-1/2 



1 



n-l 



-1/2 



on T^{a) and the last term tends to +00 as ^ — )• 0. 



□ 



Lemma 5. Let P := {pt}f=i C {1, . . . , n — 1}, 7^ pt' if t / t', and {et}f^i C 
(0, 00), T > 2. Define a constant a > by a '■ — inin | ^ (cm / ^m+i )^ : 1 ^ tti 

< T-l}. 

Tiien for every 1^ > there exists a positive number 5 > such that 



J2m=l ^rn ( \/ ^Pm + {Cpm + Cp^ ) \/^Pm (Cpm + Cp^ ) ) 



> U 



foreveryCG ( 0^=1 rP'"(a)) n ^"-^(O, (5) and (',(", z £ A''-^{o, {C/2)\C\p) . Here 
\C\P G (0,oo]«-i is defined by (|C|p)p = \Cp\ if P e ^, (|C|p)p = 00 if p G CP := 



N„_i\P, and A"-i(0,(ri,...,r„_i)) := {z e 
0, ifrp = 0, pe N„_i} for r G [0, 00]""^ 



-"n— 1 



< Tp, if Tp > 0, or Zp 



Remark. The statement of this lemma is interesting and will be used only in the 
case when a > 1 (otherwise the intersection p|^rP™(a) is empty). 

Proof. For every m G N^-i we define '■= ^(em/em+i)^ and for every m G Nr 
we let Dm{C) •= {z G C"-"^ : \zp^\ < C\Cp^\}- We will show by induction that for 
every t = 1, . . . ,T the inequality 

t 



il) 



m=l 

holds true for ( G flmii r^'"("m) and z', z" G nm=i -^m(C)- Indeed, the case t = 1 is 
already proven by Lemma [3l For the step t — t- t + 1 let -fft+i denote the left term in 
([1]) where the sum is taken up to t + 1. Using the induction hypothesis and applying 
Lemma [3] we see that 



t+i 



> 



^71=1 



t-i 



t+i 

,p,+,, for C G n r^™!"-), G fl D^XO- 



m=l 



771=1 
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Observe that there is nothing to show in the case Cpt+i ~ 0- Hence we can assume 
Cpt+i 7^ write 



\/\Cpt \ - 2et+i \/|Cpt+il - 2ej+i A/lCpt+il (tt^ V^! ^* ^ , - 

One immediately checks that the term between the brackets is not less than 1/2 
precisely if |Cpt+il/lCptl < oit, hence 

etyiC?J - 2ei+iy|Cj^ > et+iy^l^^ for C S T^' (ai). 
This completes the induction and proves ([T]). But from Lemma U] we know that 



j'--;^ 2iicii 

where := a. Combining this with the estimate ([1]) in the case t = T we conclude 
that for every > there exists 6 > such that 



> V 



for C G n^=irP'"(«m) ni?"-i(0,<5) and G 0^=1 ^^(0 = A"-i(0, C|C|p). 

Since a < am for all m G Nt and r^(a) C rP(a') for a < a' this concludes 
the proof. Indeed, for C,C",z G A"-i(o, (C/2)|C|p) the points := z + and 
z" ■.= z- C" always satisfy z', z" G A"-i(0, C|C|p). □ 

We want to estimate the slope between two points of the set when their 
projection to C"~"^ lies near the zero set of one of the functions ^Jz\^^^^i^ I = 
1, . . . For this we need some notations: for every G N and p G N„_i we define 

:= {C G C"-i : Cm = aj, := {C G C^-^ : Cp = 0} 

and 

LP := {/ G N : 1 < / < I/, [/] = p}, := {a, G C : / G L^}. 

Obviously Up=| = N^. Moreover, if z G C"-\ we define 

LP(z) := {/ G LP : = a;}. 

Note that L^(z) consists of at most one element. Further for P C N„_i such that 
[i^] G P and z G S*!, we let 

:= U LP(z). 

pGP 

Observe that under the assumptions on P and z we always have v G ^^{z). As 
mentioned before the case {z)\ > 1 is of special interest and leads us to consider 
the sets P|pr^'(a) for a > 1. Here a was claimed to depend on {e{\ and we now 
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clarify this dependence by the following definition: for every G N, P C N„_i such 
that [u] G P and every z ^ Sy let a^{z) be the positive number 



a^Az) 



v + l if ^^{z) = {u} 

uAn{l{ei/evf -.Ij'e ^f{z),l' > l} if ^f{z) 2 {z.}. 



Observe that, since the sequence {ei} is still in our hands, we can always assume 
that a^{z) > 1. Finally for each P C N„_i and a > we let 

7(P,a):=(nr»)n( n ^")- 

PGP pgCP 

Lemma 6. Suppose ei, . . . ,£iy have already been chosen. Let 5 > 0. Then for every 
zq G and P C N„_i such that [u] G P there exist r^{zo) > and 5^{zo) G (0,5) 
such that for every j, k G N2'' the inequaUty 



\wf\z+ic+c'))-wi:\z-{c+c")) 



> V 



holds for every z G 5"-i(zo, r^(zo)), C S -f(P,a^{zo)) n 95"-i(0, (5^(zo)) and 
C, C" G A-i(0, (C/2)|C|); here |C| = (|Ci|, ■ ■ ■ , ICn-i|). 

Proof. Fix zq G and P C N„_i such that [v] G P. For each p G N„_i let Up C C 
be an open convex neighbourhood of zo,p such that 



Up DAP 



if LP(zo) = 
zo,p if LP(zo) / 



and let U := Ui X ■ ■ ■ X Un-i- Choose r > so smah that i?" ^(zo,2r) C U. For 
each / G f^y consider a single-valued branch of the multi-valued function ^Jz^ii^ — ai 
which will also be denoted here by ^yz[i] — ai. Since for every I € Nu\ Up=i m'i^o) 
we have ai ^ [/[/], we can assume that ^^z^i^'^^a^ is holomorphic on U for these I. 
After possibly changing the numeration of the roots of P^iz, ■ ) for z G U we may 
further assume for every h G N2>' that wl^\z) = J2i=i ~ suitably 



chosen signs depending only on / and h. Now define Wh ■ {zq, 2r) — )• C as 
Whiz)-=Y1 ±ei^zii] - ai + J2 ^t'^V^W ~ ' 

Since Nj. = [j^zl Lf,, we obviously have ■w'f^\z) = Wh{z)+J2i€^P(zo) on 
B"~i(2o, 2r). Let Nj. := x N2- and N^.(zo) := {{j, k) G N^l : Wj{zo) = Wk{zo)}. 

Step 1: We show that there exist r' > and 6' G (0,5) such that ([2]) holds for 
every ( G S"-i(0,(5'), CX" G A"-i(0, (C/2)|C|) , 2 G ^"-^(zo,/) and (j. A:) G 
Ni.\N2.(zo). 

For / G LP{zq) we have zo^[/] = a/ and is continuous at the origin, hence we 
conclude from ^ and the holomorphicity of y^z^i^ — ai for I £ Lf,\ LP{zo) that Wh 
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is continuous at zq for every h € N21'. Thus there exist M > and ri > such 
that \wj{z + (C + CO) - Wk{z - (C + C"))l > M for every C G 5"-i(0,ri), C',C" e 
A"-i(0, (C/2)|C|), z G S"-i(zo,n) and (j, fe) G N|.\Ni/(zo). Moreover, since again 
^o,[i] = '2/ foi" ^ £ -S?/' (-2^0) and -yA is continuous at the origin, there exists r2 > 
such that ± (C[/] + 0) - ad < M/(4(n - l)e/), where C G {C',C"}, for every 

C G i?"-n0,r2), C',C" e A"-i(0,(C/2)|C|), z G B^-\zo,r2) and / G ^J'(zo). Let 



r' := min{r, ri, r2} and 6' := min{(5, r, ri, r2, M/4i/}. Then the following estimate 
holds true for every C G B''-^{0,6'), (',(" G A"-i(0, (C/2)|C|), z G S"-i(zo,r') and 

(j,A;) GNi.\Ni.(zo): 



iz+{C + O) - - (C + C")) % + (C + CO) - u'fc - (C + CO) 



2IICII 



> 



2IICII 



> 



^-E/Gi?J'{.o)2eiW(4(n 



2IICII 



> 



M-M/2 
2IICII 



Step 2: We show that there exist r" G (0,r') and 6" G (0,(5') such that Q 
holds for every C G tI^', "^'(^o)) n ^""^'^72, ^'0, C',C" G A-i(o, (C/2)|C|) , 
z G A"-i(zo,(C/2)|C|p) nS"-i(zo,r") and {j,k) G N^., where for i?i,i?2 > 
we put i^"-i(i?i,i?2) := {2 G C"-^ : Ri < \\z\\ < R2]. 

Observe that the first term in ([3]) is holomorphic in B^~^{zq, 2r) and the second 
term is constant on the set zq + PlpeCP Therefore we can find M > and f > 
such that 

^'j(^o + (C + CO)-«'fc(^o-(C + CO)| 

2IICII 

for all C G (npeCP'9^)nB"-i(0,f), C',C" G A"-i (o, (C/2)|C|) and (j, A;) G Ni.(zo). 
Moreover, since Zo,[/] = cli for every / G ^^^(zq), we have J ± (C[i] + C[/])) - a; = 



- 2o,[z]) ± (C[«] + C[«]), where C G {CO C"}- Hence, using Lemma [3] and H if 
(zq) = {i^} and LemmaOif ^/'(zq) 2 there exists 5 > such that 



E;g^/'(^o) + (Ch +C'/])) - a/ - ^{z[i]-{C[i]+Q'{i{))-ai 



2IICII 



> 1/ + M 



for ah C G [npeprP(a^(zo))] ni?"-i(0,5), COC" G A"-i(o, (C7/2)|C|p) and z G 
A"'"^(zo, (C/2)|C|p) (recah the definition of af (zq)). Now choose 5" such that < 

6" < min{f, 6, 6'}. Observe that Wh is continuous in zq + PIpgCp ni?"~^(0, 2r)] 
for every h G N2''. Hence there exists r" G (0,r') such that the following estimate 
holds true for every C G {np^^p S^) D K^~H6" /2,6"), C,C" G A"-i(o, (C/2)|C|) , 
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z £ 5"-i(zo,r") and {j,k) G N^.izo): 

,-(^ + (C + C'))-"'fc(^-(C + C")) 



W-j 



< M. 



Thus for every C G j{P,a^{zo)) D K'^-^id" /2,S"), C,C" e A""! (o, (C/2)|C|) , z G 
A"-i(zo,(C/2)|C|p) ni?"-i(zo,r") and (j, A;) G Ni. we get 



+ (C + C'))-«^1'^H^-(C + C" 



> 



wj{z + {C + C))-Wk{z-{C + n) 



> V. 



Step 3: We show that there exist r^(zo) > and 6^{zq) G (0,5) such that ^ 
holds for every C G l(P,aP{zo)) n 55"-! (O, 5^(zo)) , C',C" G A"-i(o, (C/2)|C|) , 
z G 5"-i(zo,r-f'(zo)) and j, A: G 

We already know that ([2]) holds for every C G 7(P,a^(zo)) n K"-H5'72, 5"), 
C',C" G A"-i(0,(C/2)|C|), ^ G A"-i(zo,(C/2)|C|p) nS"-i(^o,r") and j, A: G N2.. 
It only remains to make proper choices for the constants r^{zQ) and 5^{zq). First 
choose any 5^{zq) such that 5" > 6^{zq) > 6" /2. Then there exists K > such that 

\Cp\>K foraU C G 7(^, «^(^o)) n ^^"-^(O, (5^(zo)), P G P. 

Indeed, let p € P. Then for C G 7(-P, 0^(2:0)) we have in particular C G r''(a^(zo)) 

and hence |Cg|/|Cpl < oiui^o) for every q G N„_i (assuming that q^(zo) > 1 
which is the only interesting case). Thus ||C|| < a^{zQ)yJn — 1 |Cp|. Since also 
C G a5"-i(0, J^(zo)), we conclude that |Cp| > 5^ {zq) / {a^ {zq)^/^^^) =: K. Now 
choose p > such that |zp — zo,p| < {CK)/2 for all z G ^"^^(zo, and p ^ P, 
i.e. S--i(^o,p) C A"-i(zo,(C/2)|C|p) forallCG7(^',a?(^o))nai?"-i(o,5^(zo)). 
Then r^{zo) := m.m{r",p} is a constant as desired. □ 



Fix 1/ G N. By the previous lemma we have assigned positive numbers r^{zo), 
6^{zq) to every zq ^ S^. As we shall see in the proof of Lemma [8] the choice of e,y+i 
will depend on the numbers 6^{zo), zq G Sy\ in fact we will need a positive lower 
bound for the set {6^ {zq) : zq G S^}. However, such a bound does not always exist. 
Hence from now on we restrict our attention to the compact subset D B^~^{0, v) 
of Sy. This set can be covered by finitely many balls B"-i(zo,r^(^o)), ^0 G 5^, 
and thus leads to a finite set {5^{zi), . . . ,5^{zm)} C (0, 00) (which of course has 
a positive minimum). On the way we have to choose the numbers r^{zQ) in the 
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covering ^(zQ) ^'^(-^o))} carefully in order to limit the influence of points 

zq G with small value a^{zo)- For this purpose we need some further notations: 
fix a decreasing sequence {pu} of positive numbers converging to zero, such that 

max vol ( I J A^{ai,pu)) — )• for z/ — )• oo. 

l<p<n-l V^^^^^ J 

Then for every G N, p G N„_i and z G C"""^ we let 

LP{z) := {l£Ll: \zp - ai\ < p^}. 
Moreover if z £ S^, and P C N„_i such that [i^] G P we let 

4f (^) := U ^'uiz). 

Note that under the assumptions on P and z we always have v G ^^{z). Hence 

i^ + l ii^P{z) = {u} 

min{z.+ l,min{i(ez/er)' : G 4f (^),^' > O} if 4f (^) 2 {^^1 
is a well-defined positive number. 



af (z) := 



Corollary 7. Suppose ei, . . . ,eu have already been chosen. Let 5 > 0. Then there 
exists a hnite subset Dy := {5^, . . . , ^Jjf"} C (0,5) such that for every z € S,y H 
B'^~^{0, v) and P C N„-_i such that [v\ G P there exists some a G {1, . . . , d^} such 
that for every j, k G N2'' the inequahty 



2IICII " " 

holds true for aU ( G j{P,a^{z)) ndB''-\0,5^) and C'X" e A"-i(o, {C/2)\C\). 

Proof. By the previous lemma for every zq G and P C N„_i, [v] G P, there 
exist positive numbers r^(zo) G {0,pu) and S^{zq) G (0,(5) such that (jl} holds for 
every j,k G N2., z G B"-i(zo,r^(zo)), C e 7(^, "H^o)) n ^^"-^(O, ^ (zq)) and 
C',C"e A"-i(0,(C/2)|C|). Let 

r(zo) := min {r^(zo) : -P C N„_i such that [i^] G P}. 

By compactness of Si, n B"-~^{0, u) there exist finitely many points zi, . . . , zm G S^ 
such that 5^ n 5^^-1(0, zv) c Um=i P""^(zm, r-(z„)). Let 

:= {d^{zm) : P C N„_i such that [i^] G P, m = 1, . . . , M} . 

Then for every z G 5,,nP""^(0, u) and P C N„_i, [i^] G P, there exist a G {1, . . . , d,,} 
and m G N^/ such that \z — Zm\ < Pz/ and such that (j4]) holds for every j, k G 
C G 7(P,a^(z„)) n 9P"-i(0>'^^) and (',(" G A"-i(o, (C/2)|C|) . It remains to 
observe that we herein can replace a^{zm) by a^{z). Indeed, since \z — Zm\ < Pu, 
we have LP{zm) C Lf,{z) for all p G N„_i and thus (zm) C ^^(z). Recalling the 
definitions of a^(zm) and a^{z) we conclude that a^{z) < a^{zm)- In particular 
we get 7(P,d^(z)) C ^(P,a^{zm)). □ 
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We are now able to specify the choice of the sequence {ei}: 



Lemma 8. If {ei} is decreasing fast enough, then for every fixed G N and for 
every z £ S^, D 5""^(0, u) and P C N„_i such that [i^] G P there exists 5 £ (0, 
such that 



w 



> 



1 



for aU vJ G 



WC + 2C + C1I - 1 + (C/2) - - ^ - -+(C+C')' ^" e f.-(c+C") 



(5) 



and all choices of ( e -f{P,d^{z)) ndB''-^{0,6) and G A"-i(o, (C/2)|C|) . 

Moreover ^{ei/ei+i)'^ > I and ei^\z[ij — ai\ < on B'^'-^^{0,1). 

Proof. We proceed by induction on / and simultaneously choose a sequence (Di) 
of finite subsets Di = {Sf, . . . , jf'} C (0, l/l) such that eiyj\z[i^ — ai\ < ^ min{(5' G 
Du :1 <l-l} for every z G ^""^(O, / + 1). First let ei := 1 and let Di C (0, 1) 
be the set provided by Corollary [7] in the case z/, 5 = 1 . If ei , . . . , and Di, . . . ,Di 
have already been chosen, we choose e/+i > so small that ^{ei/ei^i)"^ > I and 
ei+iyj\z[i+i] - ai+i\ < ^TTT min{(5' G D,. : 1 < < /} for z G B''~'^{0, 1 + 2). Observe 
that every e[_^i^ G (0, e^+i) would also be a proper choice for e^+i- We then take for 
Dij^i the set provided by Corollary [7] in the case v = 1 + \ and (5 = !/(/ + 1). 

Fix 1/ G N, z G 5"^ n B"~^(0, u) and P C N„_i such that [v] G P. Then by choice 
of Du there exists 5 G Di, such that estimate @ holds true for all j, k G N2"^ and 
all considered CiC'iC"- By choice of the sequence (e;), if for abbrevation we write 

:= z + {Q + Q') and := z — {C, + C,"), we thus get the following estimate for all 
H > u and /, k' G N2M (for suitable j, k G N2'' depending on j', k'): 



wf{z 



+ (C + CO) 



w 



IIC' + 2C + C"I 



> 



(z-ic+n) wf{z+)-wi^\z-) 



> 



> 



(z+) 



w 



(2 + C)||C|| 



2+ cm 

ai + 



ai 



V \__ A J_ 

l + (C7/2) (2 + C)5,^^^2'-i 



> 



1 + (C/2) 



Since by Lemma [5] each {z,vS) G iS is a limit of points [z,vj'^^^ this proves □ 

Lemma 9. If {e;} is decreasing fast enough, then E contains no analytic variety of 
positive dimension. 

Proof. Let {ei} be decreasing so fast that the assertions of Lemma[5]hold true. To 
get a contradiction assume that £ contains an analytic variety of positive dimen- 
sion. Then in particular £ contains a nonconstant analytic disc, i.e. there exists 
a nonconstant holomorphic mapping / = (/i, /2, ...,/„) : 0^.(0) — )• C" such that 
/(Dr.(0)) C £, where Dr{Co) = e C : \C - < r}. Let P C N„,^i be the 
set of all coordinate directions in C"""*^ such that /„ is not constant. Since by the 
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choice of {ei} and Lemma [2] the set £z has zero 2-dimensional Lebesgue measure 
for every z £ C"~^, we see that P ^ $. Without loss of generality we can as- 
sume that P = {1, . . . , T} for some T < n — 1. After possibly passing to a subset 
Or'C^o) C 11)^(0) we can assume by the implicit function theorem that there exist an 
open subset U C C and some 

(/.:[/ ^ C" holomorphic, <p{U) = /(Or'C'fo)) 

such that 4>{0 = {c,4>2iO:---^4>T{0^<iT+i,---,qn-i,4>n{0) =■ {4'*{0^4>n{0) with 

suitable constants qx+i, ■ ■ ■ ,qn-i £ C. After a possible shrinking of U we can 
assume that there exist positive numbers a,6 > such that on U 

e<\<j)p\ forallpGNr, \<Pp\ < cr for aU p G N^. (6) 

Indeed 9 exists since the zero set of each \(j)'p\ is discret and we use Cauchy's estimates 
to find a. Thus after possibly shrinking U again, we can assume that for z, z' G (j){U) 
and 1 < s,t < T we have 9 < {z^ — zt\/\z'i — zi\ and \zg — Zs\/\z'i — z\\ < a, i.e. 
\zg — Zs\/\z^ — zt\ < a/9. In particular we see that there exists a := a/9 > 1 such 
that 

DMzi){C) C 7(P, a) for all zi G U. 
Moreover (after possibly further shrinking U) we can assume that for every p G 



< (C/2) 9 for alia G f/,C e C s.t. a + ^eU. (7) 



Since we can assume /(©^(O)) to be bounded, and since |(e;/e;+i)^ > /, we can 
choose fo G N so big that <j)*{U) C -B""i(0, uq), 

I'o + 1 > o and ^(ej/e^+i)^ > a for all / > uq. (8) 

Further, since maxi<p<„_i vol ( IJ^g^^p A-'^(a/, — for — oo and {pu} is de- 
creasing, we can assume (after possibly enlarging z/q and then shrinking of U) that 
4>p{U)n[Ji^LP^ A^{ai,pu) = for all p G Nt and u > uq. But then .if/" (zp) nN^.^ = 
for all Zp G (j)p{U), p G Nt, v > z^o- By definition of a^{z) and from ([8|) we therefore 
get 

ce^{z) > a for all ly > i^o, z G D 0*(f/), [i^] G P. 

After these preparations we now choose a strictly increasing sequence {I'k} of natural 
numbers such that for each v from this sequence we have 



n-2 



Let u be an arbitrary fixed member of this sequence. Since 4',t{U) C B'"'^^{0,i'q) 
we see that z := (/>*(ai/) G H i?"~^(0,z/). Hence we can use Lemma [8] to find a 
5 G (0, l/i^) such that 

> -^77^ for ah lu' G u;" G 



||C' + 2C + C"|| - l + (C/2) 
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and all choices of 

Cej{p,d^{z))ndB^--\o,6) and c', C" e A"-i(o, (C/2)|C|) . (9) 

By the choice of U respectively i^q we have D(f)^{ay){^ — a^) G 7(P, a) for all ^ G [/ \ 
{tty} and a^{z) > a, hence D(j):^{a^){^ — a^) S 7(^,0:^(2;)). Moreover B^^^{z,d) C 
U X C"-^ Thus 

E:= [z + j{P,a^{z))] n [z + W.(a,)(C - a,) : ^ G [/, ^ / a,}] n <5) 

is nonempty. Therefore we can choose C G 7(P, a^(z)) such that z it G S, and 
^ G C such that ± ^ £ U and L'0*(ai,)(ib,^) = Now applying ([7]) in the case 
a = au and using ^ yields 

4>p{a, + 0-^v- Cp| < (C/2) < (C/2)|,/);(a,)e| = (C/2)\Q 

for every p G Nt- Since also (j)p{ai, + C) = -^p + Cp for p G N^-i \ Nt and (j)i{zi) = zi, 
this shows that there exist uniquely determined C," G A"~^(^0, (C/2)|(^|) such that 
z + {C + C) = <l)*{ay + i), z-{C + C") = <l)^{ay-i) and Cl,C{' = 0. In particular we 
see from (j){U) C /(B^K^o)) C /(©..(O)) C £ that 

u; := (/)„(ai. + i) £ <?^+(f+^/), := </>„(a,, - ^ "^^-K+C")' 

Observe that C'C" satisfy the conditions in (j9]). Since € U and </>'i = 1 on [/ we 
get lie + 2C + C"ll > (2 - C)||C|| = (2 - C)||Z)</.,(a,)(OII > (2 - CM\ and thus, in 
view of Lemma El can finally make the following estimate: 



m " iic'+2c+c"ii - i + c/2 

This holds true for every member 1/ of the strictly increasing sequence (uf^.) and the 
right term becomes unbounded as — )• +00. Since for each fixed the number ^ 
was chosen such that a,y ± ^ G U, this contradicts the fact that 0„ has a bounded 
derivate on U. □ 



4. Choice of the sequence {e/} - Part II 

Recall that Ei, = {Pi, = 0}, G N. We show that for {ei} decreasing fast 
enough we can guarantee nice convergence properties of the sequence {Pu} as well 
as certain relations between the limit set £ of {-E^} and the sublevel sets of the 
defining polynomials Pjy. 

Lemma 10. Let {ei} be chosen in such a way that ei ^|z[/] - ai\ < 1 /2' on S""^ (0, /) 
for every I G N. Then the sequence {l-fj^l^^^"} converges uniformly on compact sub- 
sets of C" \ £: and lim^^^\P^\^/^'' > 012 C" \ ^. 
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Proof. Fix {zo,wo) E \ £ and choose i? > such that {zo,wo) G Ar := 
-B"-^(0, R) X C. Since £ is closed and n ^ f n in the Hausdorff met- 
ric, there exist a bah B := B'^(^{zq,wo),6^ C Ar and positive numbers r > 0, 
Nr > such that dist(5,£'i,) > r for all v > N^. Now for every z/, /i e N, 

j G N2- and z G C*"^ we denote the 2^ values of + YA=v+i'^WZ[t\ - 

by j; z), . . . ,i(;2m^(i/,j;^). Observe that with this notation we have 

Z=l 3=1 k=l 

thus passing from \Pi,{z,w)\^/'^'' to |P,/+ju(z, amounts to replace each term 

\w — w^^\z)\ occuring in the product expansion of iP^iz, w)]^^^" by the mean value 
nfc=i|w^ — 'i''^k^\'^-ij]z)\^/'^^ . Since for > i? one has \wj^\z) — w^\u,j; z)\ < 
J2'i=lf-^i£i^/\zii]-^a^ < 1/2" for all z G B^~^{0,R), we can estimate the resulting 
error by means of 

2^ ^/2- 



l[\w-wi^\i^,j;z)\^/^' > H (|u;-«;f^(z)|-l/2^) = \w - w'f\z)\ - 1/2'' 

k=l k=l 

2>^ 2'' ^,2M 

^\w-w]f^{y,j-z)\^l''' < n {\w-w^''\z)\ + l/2'') =\w-wl''\z)\ + l/2'' 



1/2'' 

(^|^-w;j-(z)| + l/2''j 

k=l k=l 

to be less than 1/2'^ for all {z,w) ^ B (Z B'^~^{0, R)xC (obviously the first inequality 
is trivial if \w — w^''\z)\ < 1/2"). In particular whenever \w — Wj^\z)\ > 1/2" on B 



and u > Rwe get 



Z -1 /Qjy Z 



n (k-^'^\.)i-i/2'^)'^'^< |p.+,(.,^)iv^^"''< n {\w-w^^\z)\+i/2"f"^ 

3=1 j=i 

on i?. But \w — 'Wj^\z)\ > r on B for all v > where r does not depend on v. 
Since = nj=ih^~^^-' 

I, this shows that w)| ^2"! 

is a Cauchy 

sequence for every {z,w) G B and in fact that {iPjyl^^^"} converges uniformly on 

B. Moreover limjy^oolPiyl^/^" > on i?, since the above estimates hold true for all 
/Lt G N. □ 

Lemma 11. If {si} is decreasing fast enough, then 

£=n uHi<(^n- (10) 

Moreover the following relations hold true for every ij,> 1/ > R: 

1. {\p,\ < {^,r}nB'\o,R) cc {|p.i < (in. 

2. {\P.\ < {ir}nB-{0,R) cc {\P,\ < {^,r}. 
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Proof. For M C C" and i?, 5 > we let M(^) := M n S"(0, R) and 
M<''>:=MU y and M^--^^ := M \ |J 

One easily verifies the following relations for all M, N C C" and R, 5, 81,62 > 0: 

A) M C N M^^^ C N'^^^ and M C N =f- M^-^^ C iV^^'^^ 

B) M CN ^ M (ZC N^^^ and M C ^ M^-^^ CC A, if M is bounded. 

C) [M<'^i>]<'^2> = j^^(5i+52> and [M^^^^^]'^~^^^ = M^-^^^+^^'^K 

D) [mW](^_5) C [M(^)]<^) and [M(-\n-5) C [M^n)]^-'^ ■ 

Moreover M^^^^'^ will denote the set M^^^'^ n^"(0,i?). We can choose sequences 
{ei}, {Si} of positive numbers converging to zero such that for all G N the following 
relations hold true: 

(1,,) Ei/^^M - au\ < ^ on S""i(0, v). 

(2.) [{\PA < i^r u {\PA > {^r},.J n {IP.I = = 0. 

(3.+1) {iP.+il < C {IP.I < (if^l^^-/^^^ for A = + 

(3'.+i) {l^'.l < (ir}|:'';f ^ C {iP.+il < (ir^^l forA = l,...,.-l. 

Indeed, we can choose £1 to satisfy (li). After fixing such ei the polynomial Pi is 
fixed and we can choose 5i < 1/2 to satisfy (2i). Suppose now that ei, 5i are already 
chosen for / = 1, 2, . . . , such that (ljy)-(3j,) hold true. By Lemma [1] we know that 
Py+i — )• Py uniformly on compact subsets as Syj^i — )■ 0, hence we can find e > 
such that for e^j^i < e the polynomial P^+i satisfies (Sj^+i) and (3'^,^;^). Moreover 
we can find e' > such that for e^^i < e' the inequality (Ijy+i) holds true. We 
choose £u+i < min{e,e'} and we point out that every e'l^^i G {0,£u+i) would also 
be a proper choice for £u+i- For Pu+i now being fixed we can find 5^+1 < 
satisfying {2^^i). 

(i) We now prove statement 1 of the lemma. In order to do this we need the following 
Claim 1. For jj, > v > R one has 

Proof. Let fi > u > R he fixed. For proving the statement of the claim we use 
reverse induction on p to show that 

{i^.i<(^r}(«)C{ip,i<(^r}<^'-''/^'^ forp=p-i,...,.. (11) 
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The case p = fi — 1 follows immediately from (3^) with A = v + 1. Suppose that 
property (jllh holds for some p G N such that ^ > p > u > R. Then one also has 

{i^.i < c {\p,\ < "^'^ (12) 

Hence applying (3p) with A = + 1 we can conclude that 

This together with (jl2p completes our argument by induction and proves Claim !.□ 

Observe that, since {6i} is monotonically decreasing, we get from Claim 1 and 
B) the following property: 

{i^.i<(i;iTn(^)Cc{ip.i<(^n^^^^ (13) 

Fix now some v > R. We are going to show that 

{\pA<i,kirf,n)^{\p^\<(^r}- (14) 

Note that (fT3]) and (fT4|) together prove 1. By definition we have 

{l^^l < ilMfXn) = {l^^l < U U ^"(-,^.)(i.) 

^■e9{|^'.l<(i;^r} 

Obviously 

{i^^i<(^n(.)Mi^^i<(^n- 

Let C £ B^{x^^u)(R) for some x G 5{|Pi/| < (^t^i^)^"}- Then in particular x £ 
{\Pv\ = (]7^)^''}(i/+i)- Assume to get a contradiction that C G {l-P;^! > (^)^' }• 
Since x G {|Pi/| < (^)^''}(v+i) we then can find t E (0,1] such that x := (1 — 
t)x + tC € {\P^\ = ilf"}. Now obviously || X — x|| < 6i, which shows that x S 
{\P^\ = (-1^)2"}^^^^^ n {\Pu\ = In particular we conclude that {\Pu\ < 

(^)2''}(^+i) n {\Pu\ = i^f'^}^^'''^ + which contradicts (2y). This proves that 

U S"(x,5.)(«)C{|P.|<(i)2''}, 
and hence (I14p . The proof of statement 1 of the lemma is now complete. 
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(ii) We now prove statement 2 of the lemma. For being able to do this we need the 
following 

Claim 2. For fi > v > R one has 

Proof. Let ii > v > Rhe fixed. For proving the statement of the claim we use 
induction on p to show that 

{i^^i<(^n!:I^^|£;'IU forp=.+i,...,^. (16) 

The case p = v + 1 follows immediately from (3j^^i) with \ = v — 1. Suppose that 
property (jl6p holds for some p G N such that p, > p > v > R. Then we also have 



while from (3^^;^) with A = — 1 we get 



{K\<ii;h)%lf'c{\P,,,\<i^,r'}- 



This completes our argument by induction and, since i^ + ^ — J2i=u "^//^^ > proves 
Claim 2. □ 

Observe that, since {5i} is monotonically decreasing, we get from Claim 2 and 
B) the following property: 

Fix now some v > R. We are going to show that 

{i^^i < ^ {i^^i < (18) 



Note that ()17p and (jlSp together prove 2. By definition we have 



Obviously 
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Let C £ B^{x,5u){R) for some X G <9{|Pi,| < (^tti)^"}- Then in particular x G {\Pv\ = 
}{v+i)- To get a contradiction assume that C £ {l-Pi^l < (^)^' Since 
X G {|P,,| > (i)^"} we then can find t £ (0,1) such that x := {l-t)x + tC G {|Pj.| = 
(^)^''}. Now obviously ||x — x\\ < 6y which shows that x G {\Pu\ = H 
{|P^| = (i)2''}(5.>. In particular we conclude that {\Py\ > n {\Py\ = 

(1^2-|(5„> _^ ^Ya^Y^ contradicts {2^). This proves that 

{l^'.l<(^r}(^)n U b-{xX\r) = ^, 

and hence (jlSp . The proof of statement 2 of the lemma is now complete. 

Finally we show that the representation (jlOp holds true. Let (z, tt;) G C" and 
choose i? > such that {z,w) G B^{0,R). Assume that (z^w) G iS. Let fi > R. 
Applying 1 we get 

(E,+i\r) c < (ihrl^n) cc {|P,| < (1)2'^} 

for all I G N. But since (Ip) holds true for all p G N, we can apply Lemma [2] to 
see that <f^(^) = lim/^oo(-^/i+/)(_R) in the HausdorfF metric. Hence <f(^) C {|P^+i| < 
C {|Pp| < {jif }■ Since this holds true for ah ^ > R, it follows 
{z,w) G Pli^eN UAt>i'{l-fMl ^ (^)^''}- Conversely assume that {z,w) ^ £. Then by 
Lemma [10] the sequence {\Pu{z,w)\^^'^''} is converging to a positive real number, 
hence there exist S > and /io G N such that \Pfj_{z,w)\^/'^'^ > 6 for all ^ > /io- In 
particular {z,w) ^ {|-P^| < (^)^^} for ^ max{//0) l/*^} which shows that (-2,u)) ^ 

n.eNUM>4l^'/.l<(^n- □ 

5. Proof of the theorems. Open questions 

We now fix the sequence {e/} once and for all to be converging to zero so fast 
that the conclusions of Lemma [9l and [TT] hold true and that — a/| < 1/2' 

on B"-i(O,0. 

For each G N define a function : C" — ?■ [— oo, +oo) as 

ipu{z,w) := ^log|P;,(z,u')|. 

Then ipi, is a plurisubharmonic function in C", pluriharmonic in C" \ E,^, and 
ipu{z,w) = —oo if and only if {z,w) G E^. 

Lemma 12. The sequence {^Pu} converges uniformly on compact subsets of C" \ £ 
to a pluriharmonic function (/? : C" \ f — )■ M and ^iT^(z,w)^{zo.wo) ^{^i'^) = for 
every {zq,wo) G £. In particular ip has an unique extension to a plurisubharmonic 
function on C". 
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Proof. Applying Lemma [TO] we immediately see that {(fu} converges uniformly on 
compact subsets of C'"\£. In particular is pluriharmonic in C"'\£. Let {zq,wq) £ E 
and let {(-^j, Wj)}j>i be an arbitrary sequence of points converging to (zqj'U^o)- Let 
-R E N be such that (zq, t^o) G -B"(0, i?). From part 1 of Lemma [TT] we know that 

{|P^+i| < (^)2'*^'}nB"(0,i?) c {\P^\ < 

for every ^ > R, thus it follows from 

that £: n 5"(0,i?) C {\P^\ < (1)2"} for all u > R. Hence for every u > R there 
exists G N such that [zj,Wj) G {\P^\ < {^f"^} n -B"(0,i?) for ah j > But 
whenever {zj,Wj) G {l-Pi^l < (^)^' } H B^{0,R) we know from part 2 of Lemma [TT] 
that also {zj,Wj) G {|-P^| < (^j^x)^''} for each ^i'>v. This means that (p^{zj,Wj) < 
— log(z^ — 1) for each fi > v. Hence ip{zj,Wj) < — log(z^ — 1) for each j > This 
shows that limj_j.oo '/'(zj, Wj) = — oo. □ 

Proof of Theorem 1. By construction we have if = {z G C" : '^{z) = — oo} and 
(p is pluriharmonic in C" \ if by Lemma [12j Using the representation (jlOp of £■ by 
sublevel sets of the polynomials we get 

C"\'?= U flM^^-log/^}' 



hence C" \ if is pseudoconvex. It only remains to show that dB"'{0, R) Ci £ = 
B^{0, R)r\£. Using (fTO]l and part 1 of Lemma [TT] we see that for every (z, w) G C"\if 
there exists i/ G N such that S"(0,i?) Hif C {\Py\ < (1)2"} but \P^{z,w)\ > (i)^", 

i.e. [z, w) ^ dlfi(lR)n £. But since clearly dlf{^^^R)r\ £ C B"(0, R) this shows 

that dB'^{0,R)n£ C B"-{0,R) n £. Concerning the other direction note that 

dB"-{0, R) r\ Ey = i?"(0, R)r\Ey for every G N by the maximum modulus principle 
and the fact that E^, is the zero set of the polynomial P^- Since on bounded subsets of 
C" the sequence {E^} converges to if in the Hausdorff metric, we thus conclude that 

5"(0, i?) n if = hm^^oo ^"(0, R)nEy = hm^^oo dBHQJi)r\Ey C dB^HoJi^ £. 
□ 

Proof of Theorem 2. For each Ci G M we define ilci C C" to be the domain 

flc, := {{z,w) G C" : v{z,w) + (||zf + \w\^) < Ci} , 

where ip{z,w) is the function constructed in Lemma [12j It follows from the plurisub- 
harmonicity of (p on C" that Qqi is strictly pseudoconvex. Obviously one also has 
that £ = {if = — oo} C ilci- Further, by Sard's theorem, we can choose a constant 
Ci such that Qci has C°°-smooth boundary. We fix such a constant Ci and define 
to be the domain ■ By construction if contains no analytic variety of positive 
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dimension. Using the representation (jlOp of E by sublevel sets of the polynomials 
Py we get 

^\'^= U n (^^n{(^^>-iog/i}). 

In particular \ is pseudoconvex and hence the projection 7rn(^E{dQ)^ of the 
envelope of holomorphy E{dQ) of di} onto is contained in O \ i5. 

It remains to show that E{di}) is single-sheeted and coincides with Observe 
that for every a G M the set Ci {f > a} is compact and hence, since ip^ ^ <^ 
uniformly on compact subsets of C" \ £, for each a € M we can choose a natural 
number N(a) £ N such that 

nn{ip> a} c nn{ipN(^a) >«-!} = nn{\PN(^a)\ > e^'^''^^""^)} c on {99 > a- 2}. 

Fix some a G M and let := N{a). Observe that P/v, being a polynomial, has only 
finitely many singular values ci,C2, ■ ■ ■ ,Ck and let Sn := \Jj=i{PN = cj} (indeed, 
using the explicit formula for P/v stated after Lemma [U one can even see that k = 1 
and ci = 0). Let now / G CR{dQ). Since Q is strictly pseudoconvex, / extends to 
a holomorphic function on some one-sided neighbourhood U C 0, of d^l, which will 
be denoted by / as well. 

Let H C C" denote a complex two-dimensional afhne subspace of C" which is 
obtained by fixing n — 2 of the coordinates zi, Z2, . . . , Zn-i, w (for n = 2 the only 
possible choice is H = C^). Then QCi H = ljQ,rQ, is the disjoint union of a family 
{Fq} of strictly pseudoconvex domains F^ C H = C'^, and dn^a C n H for each 
a, where dn^a denotes the boundary of F^ with respect to the relative topology on 
H. In particular we can view each Fq as a strictly pseudoconvex domain in and 
for each a the restriction of f to UCiH defines a holomorphic function in a one-sided 
neighbourhood of du^a- With the situation reduced to a two-dimensional case we 
can now argue as in the example from introduction and conclude from Theorem A 
in [J] that E{dH^a) is single-sheeted (of course here E^dn^a) denotes the envelope 
of holomorphy of dn^a with respect to functions holomorphic in H = C^). On the 
other hand, since for each G N the restriction Pu\h is again a polynomial and we 
can assume it to be nonconstant (for > z^o big enough this clearly is satisfied), 
for each a' G M the sets {PN{a') = c} with c G C, |c| > e^^*" '('^'~^), constitute a 
continuous family of analytic curves in H = C"^ that fills (il n H) n {99 > a'}. Using 
the Kontinuitatssatz we thus conclude that E{dH^a) = Ta H > —00} = Ta\£ 
for each a. Hence, since the domains Fq, are disjoint and pseudoconvex, we get that 
-^(Ua ^H^a) is single-sheeted and (il n H) \ £ C E(\j^ dn^a)- In particular f\unH 
extends to a holomorphic function 

fH:in\£)nH^C, fH = fneavdn. 

Observe that this already proves our claim in the case n = 2. 

Assume now that n > 3. For each c G C \ {ci, C2, . . . , c^} the hypersurface 
{Pjv = c} is a Stein manifold of dimension at least 2, and if |c| > i"--'^) ^ then each 



23 



connected component of := ^ H {Pn = c} is a bounded strictly pseudoconvex 
domain in {P/v = c}. Further / restricts to a holomorphic function on Qc\K, where 
IT C is a compact set of the form K = Q.c\U for some one-sided neighbourhood 
U <Z U dQ. Since each connected component T of Qc is bounded and strictly 
pseudoconvex, the boundary of F in {P/v = c} is connected and hence we can 
assume F\Er = FnC/tobe connected. Thus we can apply Hartogs theorem on 
removability of compact singularities to extend to a holomorphic function fc 

on 0,c (for a version of the classical Hartogs theorem in the setting of Stein manifolds 
see [AH]). In this way we can define a function 

fa-.lnn {Pn > e^'^^"-!)}] \ 5 ^ C, fa = f near On, 

by letting fa{z,w) = fc{z,w) if Pn{z^w) = c. We claim that for every two- 
dimensional subspace H C described above the functions fa and fn coincide on 
their common domain of definition, namely on the set [r2ni?n{P/v > (f^-i)}! \S. 

Indeed, let c G C\ {ci, C2, . . . , c^}, |c| > e^^*^""^-*. Since the restriction P/v jj:/ is again 
a (nonconstant) polynomial, the set 'jc '■= ^ Ci H D {P/v = c} is an analytic curve in 
iln H n {P/v > e^'^'^""^-'}. Observe that the boundary of 7c is contained in 90 and 
recall that fa and fn are holomorphic on 7c and coincide near dQ. Thus it follows 
from the uniqueness theorem that fa = fn on 7c. Hence, since c G C\{ci, C2, . . . , c^} 
with |c| > ('^-1) was arbitrary, we conclude that 

fa = fH on [nnHn{PN>e^''^''''^}]\S. (19) 

In particular this shows that fa is holomorphic in each variable separately (recall 
the definition of H). Thus by Hartogs separate analyticity theorem fa is a holomor- 
phic function on n {P/v > e^'^^""^)}] \ S. Moreover we see from ()19p and the 

holomorphicity of fn on {n D H) \ £ D n D H D {Pn > e^'^^^'^^)} that fa remains 
bounded near S. It follows then from Riemann's removable singularities theorem 
that fa extends to a holomorphic function fa on r2n{P/v > ^ [ln{ip > a}. 

Since a S M was arbitrary, and since Q\£ = [ja^R Q (1 {^p > a} , we conclude that / 
has a single-valued holomorphic extension to il\£. Hence E{dil.) is single-sheeted 
and E{dn) = n\£. 

Now we can construct a CP function / on 90 which extends exactly to ^\£. 
In order to do so let 

n := {{z,w) £ C" : ip{z,w) + {\\zf + \wf) < C2} 

where the constant C2 > Ci. Then the domain Q is also pseudoconvex and C O. 
As before we see that Q\£ is pseudoconvex, hence there exists a holomorphic func- 
tion / E 0{^l\£) which does not extend to £. Then f\gQ is a function as required. □ 



Finally we state some open questions related to the content of the paper (and 
also related to each other). 
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Question 1. Let U C C", n > 2, be an unbounded strictly pseudoconvex 
domain. For each R > consider the hull fl B"{0, -R)^(q) of the set dfl fl 
B"(0, R) with respect to the algebra A{^) of the functions holomorphic in Q which 
are continuous up to the boundary dfl. Is it true that [Jr^q dO, fl S"(0, = 

Question 2. Is it true that there exist a properly embedded into C", n > 2, 
smooth Levi-flat hypersurface Ai and an unbounded strictly pseudoconvex domain 
^^ C C" such that M C 

Question 3. Let ^ C C", n > 2, be an unbounded strictly pseudoconvex 
domain. Does it follow that its boundary dO, is connected? 



Remark. After submitting this paper to arXiv the authors were informed by M. 
Brunella that the answers to Questions 1 and 3 are negative and to Question 2 is 
positive. 

To show this M. Brunella suggests to consider a domain W C C^^ biholomorphic 

to Cl,^ such that {z e : (z,0) e W} = Uf=i A' and {z G : (z,0) G 
W} = Ua~i where Di,D2, ■ ■ ■ , Djv arc bounded domains in with C^-smooth 
boundaries such that Di, D2, . . . , are pairwise disjoint. The existence of such 
a domain is granted by Corollary 1.1 in [G]. Let now (5 > be so small that the 
(5-neighbourhoods L^f of -D^ in C^, A; = 1, 2, . . . , AT, are still pairwise disjoint and for 
each k = 1,2, . . . , N consider a strictly subharmonic function iff, G (7°°(?7^) such 
that d[Wn{{z,w) G C2 : z G Ui,\w\ < e'^i(^)}] C {{z,w) e : z e Ui,\w\ = 

e'^fe*^^)} and such that the set {{z, w) e C"^ : z <E dU^, \w\ = e'^ki^^} is disjoint from W. 
Observe that these conditions are satisfied for 6 small enough and (/?| close enough 
to —00 due to the above property of W. Fix now such S and ipf., k = 1,2, . . . ,N, 
and consider an unbounded connected component W of the set W \ [jk=i{{z,w) G 

: z G U^,\w\ < e'^k(^^y. Then by construction W is strictly pseudoconvex along 
dW \ dW and, moreover, dW \ dW has at least N difi^erent connected components. 
Let -F be a biholomorphic map of W to and define the domain O by O := F(W). 
Then, since dVL = F{dW\dW), Vt is an unbounded strictly pseudoconvex domain in 

with at least N boundary components which gives a negative answer to Question 
3. This domain contains a properly embedded into Levi-flat hypersurface, namely, 
the surface F[{dD x C^) n VF) , where D is any open disc in 7r^(VF) \ IJfeLi U^. This 
gives a positive answer to Question 2. Finally let C be a strictly pseudoconvex 
domain such that C and F~^{p,') fl {w = 0} = (such a domain Q,' can be 
obtained, for example, by repeating the construction of with 99^ replaced by — 1, 
k = 1,2, . . . , N). Then (f) := {log\w\)oF^^ is a continuous plurisubharmonic function 
on W, hence J7'^ := {{z,w) G fi' : (j){z,w) < c} is Runge in 0' for every c G M (see 
Corollary 1 of §4 in [N]). Moreover, by construction of i7, for suitably chosen c the 
set Q'f, is a neighbourhood of dfl and 7^ 0. After fixing such c we then conclude 
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that Ui?>o 9^ n B"(0, R)A{fl) C Uii>o 9^ n S"(0, i?)ci(Q') n O C O'^ n O C O which 
gives a negative answer to Question 1. 
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